Abstract: In this short note we perform the Hamiltonian analysis of bimetric gravity with one particular form of potential between two metrics. We find that this theory have eight secondary constraints. We identify four constraints that are the first class constraints on condition when the interaction term obeys some specific condition. We show that for the form of the potential studied in this paper this condition is obeyed and hence we can interpret these first class constraints as generators of the diagonal diffeomorphism.
Introduction and Summary
Bimetric theories of gravity are basically defined as theories of two metricsĝ µν andf µν whose dynamics are governed by two Einstein-Hilbert actions together with the interaction term betweenĝ µν andf µν . The history of bimetric or more generally multimetric theories of gravity [4] is long, we recommend the paper [3] for list of the references to earlier works 1 . It was believed for the long time that these theories suffer from the presence of the ghost degree of freedom. However very recently the ghost free bimetric theory of gravity was suggested in [11] . The main novelty of this new bimetric theory of the gravity is the specific form of the interaction term betweenĝ µν andf µν that was firstly proposed in the formulation of the ghost-free non-linear massive theory of gravity [15, 16, 17, 18] .
It is well known that the bimetric theories of gravity are invariant under diagonal diffeomorphism. More explicitly, without the interaction term the action for two bimetric theory of gravity is sum of two Einstein-Hilbert actions forĝ µν andf µν and each of these actions is diffeomorphism invariant. However the presence of the interaction term breaks this symmetry to the diagonal one. Since this is the gauge symmetry we should expect an existence of the four first class constraints in the Hamiltonian formalism of given theory. Remarkably it turns out that it is non-trivial task to find these constraints and to show that they are really the first class constraints. This short note is devoted to this analysis at least for same specific form of the potential term.
Explicitly, we perform the 3 + 1 splitting of the metric componentsĝ µν ,f µν and determine corresponding Hamiltonian. Then, following seminar paper [3] we perform the redefinition of the lapse and shifts functions so that the Hamiltonian is linear in the new lapse function and the new shift functions. Clearly this is the essential condition for the existence of the diffeomorphism constraints however it is not sufficient. In fact, we have to show that these constraints are preserved during the time evolution of the system without imposing conditions on the Lagrange multipliers. In other words we have to show that the Poisson brackets between diffeomorphism constraints vanish on the constraint surface. We show that the right side of the Poisson bracket between Hamiltonian constraints is proportional to the particular linear combinations of the variation of the potential term and we show that this expression vanishes for the case of the potential studied in this paper. In other words we find that there exists the Hamiltonian constraint and three spatial diffeomorphism constraints and that the Poisson brackets between these constraints vanish on the constraint surface. We believe that this is non-trivial result since as far as we know such an analysis has not been performed yet. Then we also analyze the remaining constraints and we show that they are the second class constraints. Finally we determine the number of the physical degrees of freedom and we argue that they can be interpreted as massless graviton, massive graviton and one additional scalar mode at linearized level.
It is clear that our work has an important limitation in the special form of the potential that was chosen. The natural extension of this work is to extend given analysis to the case of the bimetric theories of gravity introduced in [11] . However even if it was argued there that these theories are ghost free it is not completely clear how to identify the generators of the diagonal diffeomorphism. In principle the analysis presented here could be applied to this case as well but it is not clear how to identify additional constraints in given theory that are crucial for the elimination of the scalar mode. This problem is currently under investigation.
Hamiltonian analysis of Bimetric gravity
We begin this section with the introduction of the bimetric theories of gravity. The basic idea of bimetric gravity is simple. We have two Einstein-Hilbert actions for two four dimensional metricsĝ µν ,f µν , µ, ν = 0, 1, 2, 3 together with the interaction term that does not contain the derivatives of the metric 2
In this short note we consider following specific form of the potential V
where
and where c n and d n are numerical constants. Note that the action (2.1) is invariant under following diffeomorphism transformationŝ
Our goal is to perform the Hamiltonian analysis of the theory defined by the action (2.1).
To begin with we introduce the 3 + 1 decomposition of the four dimensional metricĝ µν [1, 2] 
together with the metricf µν
Then using the well known relation 3
where R (g) and R (f ) are three dimensional scalar curvatures evaluated using the spatial metric g ij and f ij respectively and where the extrinsic curvatures K ij andK ij are defined as 8) and where ∇ i and∇ i are covariant derivatives evaluated using the metric components g ij and f ij respectively. Finally note that G ijkl andG ijkl are de Witt metrics defined as
with inverse
that obey the relation
Using (2.7) we rewrite the action (2.1) into the form that is suitable for the Hamiltonian analysis
(2.12) 3 We ignore the boundary terms.
Then from (2.12) we determine following conjugate momenta
and then using the standard procedure we derive following Hamiltonian
The crucial point is to identify four constraints that correspond to the diffeomorphism invariance of given theory. In order to do this we proceed as in [3] and introduce following variablesN 16) where again clearly their conjugate momenta are the primary constraints of the theory
Note that the canonical variables have following non-zero Poisson brackets
With the help of (2.16) we find the explicit form of the matrix H µ ν
and also
As a result we find that the potential V defined in (2.2) does not depend onN ,N i which is very important for the existence of the diffeomorphism constraints. Then using the variables (2.16) we find that the Hamiltonian takes the form
As usual the requirement of the preservation of the primary constraints (2.17) implies following secondary ones
For the consistency of the theory it is important to show that the constraints R and R i are the first class constraints. To proceed it is useful to introduce the smeared form of the constraint
In case of the constraint R i it turns out that it is convenient to extend the constraint R i with appropriate combinations of the primary constraints P n , p i so that we defineR i as
and then define its smeared form
Finally it is useful to introduce the smeared forms of the constraints R (f ),(g) 0
It is well known that these smeared constraints have following non-zero Poisson brackets 4
(2.29)
To proceed further note that using (2.18) and (2.27) we find
From these results we see that T S (N ) is the generator of the spatial diffeomorphism. Moreover, using previous Poisson brackets we easily find that
On the other hand more interesting is to determine the Poisson bracket between smeared forms of the Hamiltonian constrains (2.25)
where we defined the smeared forms of the constraints G i and G
and where Σ i is defined as
We see that the Poisson bracket between the smeared forms of the Hamiltonian constraints (2.32) vanish on the constraint surface on condition that Σ i is zero. We explicitly check below that this is indeed the case for the potential (2.2). In fact, using
and after some tedious calculations we find that Σ i = 0 for the potential (2.2). In summary, we derived the fundamental result that the Poisson bracket between Hamiltonian constraint (2.32) vanishes on the constraint surface.
As the next step we determine the Poisson bracket between T S (N i ) and T T (N ). We firstly determine following Poisson bracket
where in the final step we used (2.35) and (2.36). Then with the help of (2.29) and (2.30) we obtain
This result together with (2.31) and (2.32) shows that T T (N ) and T S (N i ) are the first class constraints that are generators of the diagonal diffeomorphism. Now we proceed to the analysis of constraints G i , G n . For further purposes we introduce following "Hamiltonian"
so that the total Hamiltonian has the form
Then the requirement of the preservation of the primary constraints P n , p i implies
We have four equations for four unknown u n and u i that can be solved for u n , u i at least in principle. Further, the requirement of the preservation of the constraints G n , G i gives next four equations for unknown v n and v i that can again be explicitly solved 5 . In other words P n , p i , G n , G i are the second class constraints. For example, let us consider the simplest form of the potential
In this case we find
and hence
Then the first equation in (2.41) can be solved for u n as
45) 5 However we should stress that there is a possibility that with the suitable form of the potential there could exist additional constraints. Such a form of the potential is well known in the case of the non-linear massive gravity case and corresponding bi-metric generalization [4, 11] .
Note that △ nn is non-zero for the generic point of the phase space. Inserting this result into the second equation in (2.41) we obtain the homogeneous equation for u i
Now it is easy to see that the matrix M i j = δ i j − 8µg 1/4 f 1/4 n 5 △nn n i n k f k is non-singular at the generic points of the phase space so that the only solution of the equation (2.46) is given by u i = 0 and consequently u n = 0 as follows from (2.45). Then it is easy to analyze the time evolution of the constraints G n , G i
which are four equations for four unknown functions v n , v i . Then using the same arguments as in case of the constraints P n , p i we find that these equations can be solved for v n , v i as functions of the canonical variables and the Lagrange multipliersN ,N i . Let us outline the nature of various constraints and the number of the physical degrees of freedom in the theory. We have following eight second class constraints: P n ≈ 0, p i ≈ 0, G n ≈ 0, G i ≈ 0. Solving these constraints we find that P n , p i vanish strongly and solving G n = 0, G i = 0 we can express n, n i as functions of remaining canonical variables. We also have four first class constraints PN ≈ 0, P i ≈ 0. Gauge fixing of these constraints we can eliminate PN , P i together withN ,N i . Finally we have 24 phase space variables g ij , π ij , f ij , ρ ij together with four first class constraints R ≈ 0 , R i ≈ 0. Then using the standard counting of the physical degrees of freedom we find that the number of the phase space degrees of freedom is 16 where four of them correspond to the massless graviton while 10 of them can be interpreted as the massive graviton. However there are two additional degrees of freedom corresponding to the scalar mode. Clearly such a mode cannot be eliminated for the generic point of the potential V. On the other hand as we stressed in the introduction there are examples of the suitable chosen potentials that lead to the potentially ghost free bimetric or multimetric theories of gravity [4, 11] . It is natural step to extend the analysis presented in this work to this case as well.
